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ABSTRACT 

Laryea, K.B. and Abenney-Mickson, S., 1985. Scaling the exponential soil-water diffusivity 
for soils from Ghana. J. Hydrol., 79: 95--106. 

Horizontal infiltration experiments were conducted on laboratory packed columns of 
six tropical soils chosen from two different ecological zones of Ghana, namely, the 
coastal savannah and the forest regions. Soil-water diffusivities of these soils calculated 
using the method of Bruce and Klute (1956)were then fitted with an exponential regres- 
sion equation to determine the values of the "Universal" constants, ~, 7 and ~, proposed 
by Reichardt et al. (1972), Miller and Bresler (1977) and Brutsaert (1979). Values ob- 
tained for ~, 7 and ~ for these soils did not agree with those suggested by Reichardt et al. 
and Brutsaert thus negating the universality concept proposed by these authors. 

INTRODUCTION 

The one-dimensional non-hysteretic horizontal movement  of water in 
unsaturated soils can be described by the nonlinear diffusion equation: 

1 
where 0 is the volumetric water content  (m a m-3) ;  D(O)is the soil-water 
diffusivity (m 2 s -1);  x is the space coordinate (m); and t is time (s). In a 
numerical solution of  eqn. (1), Gardner and Mayhugh (1958) presented an 
exponential equation of  the form: 

D(O) = Dn(0n)exp (GO) (2) 

which was used by Reiehardt et al. (19'/2) to scale the data of sorption 
experiments conducted on eight different air-dry soils. These workers 
presented their results by a single regression equation involving dimensionless 
variables. 

In eqn. (2), Dn (0n) is the diffusivity at the initial (reference) water con- 
tent, 0n ; 0o is the water content  at satiation, ~ is a constant and the reduced 
water content  is given by: 
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o = ( o - o . ) / ( O o - o n )  (3) 

In reconsidering the analysis of Reichardt et al. (1972), Miller and Bresler 
(1977) have expressed eqn. (2) by a simple regression equation of the form: 

D(O) = ~¢f2exp(f3®) (4) 

where c~ and fl are constants and ¢~ is the Boltzmann variable at the wetting 
front  defined by: 

¢~ = x f / t  in  (5) 

in which xf is the distance to the wetting front  from x = 0 where the water 
content  is maintained at 0 = 00 and where water infiltrates horizontally 
into a soil of an initially air-dry water content  0n. The analysis of Miller and 
Bresler (1977) showed that a and/3 may be considered universal constants 
of values 10 .3 and 8 respectively. Clothier and White (1981) have provided 
an exception to this, thus negating the universality concept. 

In a recent theoretical analysis Brutsaert (1979) has shown that a and 
are mutually dependent  and that  only one constant is needed. Furthermore, 
Brutsaert (1979) showed that  the exponential form of soil-water diffusivity 
can be scaled with the sorptivity, S, defined as: 

0o 

S = ~ ¢pdO = I / t  1/2 (6) 
O n 

In eqn. (6), I is the cumulative infiltrated water volume. In terms of the 
sorptivity, the following equation was proposed by Brutsaert (1979): 

D ( O )  = 7[S / (0o  --  0n)] 2 exp(~O) (7) 

where the constant 7 is 1.44 × 10 .3 when the recommended value of 8 for 
fl is used (Reichardt et al. 1972). 

It is the purpose of this paper to analyse sorption experiments conducted 
on six tropical soils using the wetting-front parameter proposed by Miller 
and Bresler (1977) as well as the sorptivity parameter given by Brutsaert 
(1979). This leads to the following dimensionless forms for the soil moisture 
diffusivity: 

D"(O) = D(O)/¢~ (4A) 

and 

D*(O) = D ( O ) ' [ S / ( O o - - O n ) ] - 2  (7A) 

for which the following relations will be tested: 

D"(O) = c~ exp(flO) (4B) 

and 

D*(O) = 3' exp(flO) (7B) 
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The parameters a and ~/ are related via the shape of the wetting profile 
(0 against x): 

xf 

I = j ( 0 - 0 n ) a X  = 6-(00-0n)'x  
o 

where 5 is the shape factor for the wetting profile. Its value is 0.5 for a linear 
dependence of 0 on x, and 1.0 for a rectangular shape with a sharp wetting 
front. It may be expected that  5 will be slightly below 1.0 for horizontal 
infiltration into initially dry soils. This comparison leads to: 

S / ( O  o - -  On) = 5 " ( ~ f  

and D"ID* = ~/7 = 6 2 or 5 = (~/7) l/~ 

M A T E R I A L S  AND  M E T H O D S  

The experiments were conducted using six top soils (0--15 cm) of known 
series selected from two main ecological zones of Ghana, namely: the coastal 
savannah and the forest zones. A description of the soils is given in Table 1. 
A large well-mixed sample of each soil was sieved through a 0.25 mm sieve. 

The infiltration column used in this study is similar to that  used by Elrick 
et al. (1979). Uniformity of packing of the column of soil was achieved by 
pouring the soil into the column evenly and tapping at the same time as the 
soil was being poured. The infiltration solution, in all experiments was 0.01 N 
CaSO4. In all the experiments the temperature of the infiltration solution 
was 30 + I°C. The cumulative volume of solution as well as the distance to 
the wetting front  was recorded as a function of the square root of time as an 
initial check on the preservation of similarity with regards to water flow. 
Data were obtained from experiments terminated at different elapsed times. 

At the end of each sorption experiment the time was recorded, the 
column sliced into sections and the soil in each section (of known volume) 
was used to calculate the bulk density, the gravimetric and volumetric water 
contents. The soil-water diffusivity function D(O) was then calculated using 
the volumetric water content  distribution and an equation of the form 
(Bruce and Klute, 1956): 

0 
de D(O) =--½--~ ~ OdO (8) 

On 

R E S U L T S  A N D  DISCUSSION 

Figure 1 presents the water content  distribution of the six soils for the 
sorption experiments listed in Table 2. 

The smoothed curves of best fit (solid lines) were drawn by eye. The 
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water content  distribution of  all the six softs preserved similarity reasonably 
well. 

Variability in packing of  the column, swelling of the soil on wetting and 
problems of air entrapment  likely account  for the variability in the data. 
Both the cumulative volume of solution as well as the distance to the 
wetting front  as functions of  t 1/2 gave excellent straight lines with correlation 
coefficients ranging from 0.98 to 0.99. Because of the experimental diffi- 
culties referred to above, the slopes of  these lines (i.e. the measured S and 
~ )  differed slightly from one column to another as observed in Table 2. 

Data for the soil-water diffusivity, D(O) ,  calculated using eqn. (8) and 
Fig. 1 are presented in Fig. 2 together with the straight lines approximating 
their exponential behaviour. 

These D ( O )  data were divided by either ~ (in Table 2) or [S / (0o  --  0n)] 2 
and plot ted against the reduced water content  (O; Figs. 3 and 4) in order to 
calculate (~,/3 and 7 in eqns. (4) and (7). The correlation coefficient of 0.98 
and 0.99 for the plots presented in Figs. 3 and 4, respectively, are significant 
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Fig. 2. The D (0) relationships for the soils. 
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at the  1% level. This indicates tha t  bo th  scaling p rocedures  are applicable 
to these t ropical  soils. 

F r o m  Fig. 3,/3 was f o u n d  to  be 6 .84  and (~ -: 2 .60 × 10 -3 . The  value of  
~/was f o u n d  f r om Fig. 4 to  be 3 .04 x 10 -3 . The  shape fac to r  fo r  the  wet t ing  
prof i le  is 6 = ~ /~ -~  = 0.92. 

Using eqns. 11 and 16 o f  Brutsaer t  (1979)  wi th /3  -- 7 and the  co n f lu en t  
hype rgeome t r i c  f unc t i on  tabu la ted  by Abramowi t z  and Stegun (1964,  
pp. 516- -535) ,  which gives M ( - - 0 . 5 ,  0.5, 7) = - - 1 0 7 . 7 8 0 ,  a and ~, values 
ob ta ined  were 2.44 x 10 -3 and 3.46 x 10 -3 respect ively.  These values 
agree fairly well with those calculated f rom the regression equa t ion  of  
Fig. 3 and 4. No te  tha t /3  -- 6 .84  was a p p r o x i m a t e d  to  7 fo r  the  calcula t ion 
o f  the c on f lue n t  hype rgeome t r i c  f unc t i on  and tha t  possibly accoun t s  fo r  
the d i f fe rence  o f  1.6 x 10 -4 be tween  the  calculated ~ values and tha t  f rom 
the regression equa t ion  o f  Fig. 3. It  may  also acco u n t  fo r  the d i f fe rence  of  
4.2 x 10 -4 be tween  the  ~/value calculated with eqn. 16 o f  Brutsaer t  (1979)  
and tha t  f r om the  regression equa t ion  o f  Fig. 4. 
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It is pertinent to point out  that the values of a = 2.44 x 1 0  - 3  and/3 = 6.84 
negate the universality concept of ~ being 1 x 10 -3 and/3 = 8. An exception 
to this universality concept was also reported by Clothier and White (1981) 
while Miller and Bresler (1977) found that  depending on the Sodium Absorp- 
tion Ratio (SAR) of  the soil a value may range from 0.95 × 10 -3 to 12 × 
10 -3 and/3 from 5.2 to 7.4. 

The method of scaling the soil-water diffusivity suggested by Miller and 
Bresler (1977) and used in this study is related to the scaling of the soil- 
water diffusivity by the method of Reichardt et al. (1972) as follows: 

D" = kD' (9) 

where k ( =  aXs/¢2s~?) is a constant and its value depends on the surface 
tension o, viscosity ~? and the Boltzmann transform ~s for the soil chosen 
as the standard. In eqn. (9), D"[ = D(O)/dp~] is the dimensionless soil-water 
diffusivity suggested by Miller and Bresler (1977) and D'[ = rID(O)/hio] is 
the scaled soil-water diffusivity used by Reichardt et al. (1972), with ~,i 
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being the characteristic length of a particular soil calculated using the 
relationship: 

~i /~s  = (¢ i /¢s )  2 ( 1 0 )  

Here ~i(-- x/tlj2) is the Boltzmann transform for a particular soil i. 
The value of ks, the characteristic length of the standard soil is assumed 

to be unity and does not  therefore affect the value of  k. In this s tudy k was 
found to be 5.33 × 10 s . 

CONCLUSION 

It is concluded from the preceding discussion that the scaling procedures 
suggested in the literature are also applicable to soils from Ghana. But that 
the constants ~, ~ and 7 vary according to the type  of soil, sodium absorption 
ratio (as suggested by Miller and Bresler, 1977) and the scaling technique 
used to obtain the dimensionless soil-water diffusivity. The relationship 
between the method of  scaling of  Reichardt et al. (1972) and that of Miller 
and Bresler (1977) depends on the Boltzmann transform of the soil selected 
as the standard, the surface tension and the viscosity of the infiltrating 
solution. The shape factor 6 for the wetting profile appears to be around 
0.90. 
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